We present the conditional quantum dynamics of an electron tunneling between two quantum dots subject to a measurement using a low transparency point contact or tunnel junction. The double dot system forms a single qubit and the measurement corresponds to a continuous in time readout of the occupancy of the quantum dot. We illustrate the difference between conditional and unconditional dynamics of the qubit. The conditional dynamics is discussed in two regimes depending on the rate of tunneling through the point contact: quantum jumps, in which individual electron tunneling current events can be distinguished, and a diffusive dynamics in which individual events are ignored, and the time-averaged current is considered as a continuous diffusive variable. We include the effect of inefficient measurement and the influence of the relative phase between the two tunneling amplitudes of the double dot/point contact system.
I. INTRODUCTION
One of the key requirements for a physically implementing a quantum computational scheme is the ability to readout a single quantum bit ͑qubit͒ with high efficiency. 1 In an ion trap implementation this problem has already been solved using shelving spectroscopy. 2 However in solid state schemes implementing a high efficiency measurement of the charge or spin degree of freedom of a single electron ͑or Cooper pair͒ will be very challenging. Various implementations of quantum bits ͑qubits͒ and quantum gates for a solidstate quantum computer has been proposed. [3] [4] [5] [6] [7] The conditional dynamics of a single quantum particle ͑qubit͒ in a single realization of continuous measurements is quite different from the ensemble average ͑unconditional͒ behavior that is more familiar to the condensed matter physics community. An apparatus by its very nature as a measurement device, must at least cause decoherence of the measured system in the basis which diagonalizes the measured quantity. From this perspective, the measurement apparatus behaves like an environment, that is, a system with many degrees of freedom for which correlations between its subcomponents decay rapidly with time. Indeed for a system to function as a measurement apparatus it must be composed of many degrees of freedom. 8 Thus every measured system is an open system. To understand the influence of the detector ͑environment͒ on the measured system, the conventional approach is to study the ͑unconditional͒ master equation of the reduced density matrix. However, integrating or tracing out the environmental ͑detector͒ degrees of the freedom to obtain the reduced density matrix is equivalent to completely ignoring or averaging over the results of all measurement records. This averaging means the detector is treated as a pure environment for the system, rather than a measurement device which can provide information about the change of the state of the qubit. On the other hand, for the purpose of quantum computing, it is important to understand how the quantum state of a single qubit, conditioned on a particular single realization of the measurement, evolves in time. A number of questions need to be answered that cannot be answered if we only determine the ensemble averaged behavior of the measured qubit. For example, in the case of a continuous measurement it is necessary to determine how long it takes for a confident determination of the state of the qubit at the start of the measurement, even if the qubit itself undergoes additional coherent evolution during the measurement process. Furthermore it may be possible to consider adaptive measurement schemes which take a given time continuous measurement record, subject it to real-time signal processing, and then change the way in which the measurement acts through a feedback loop. Such schemes are already being implemented in quantum optics and offer the promise of reaching sensitivities at the quantum limit. 9, 10 We illustrate, in this paper, the difference between conditional and unconditional ͑ensemble average͒ dynamics by considering the problem of an electron tunneling between two coherently coupled quantum dots ͑CQD's͒, a two-state quantum system ͑qubit͒, using a low-transparency point contact ͑PC͒ or tunnel junction as a detector ͑environment͒ continuously measuring the position of the electron, schematically illustrated in Fig. 1 . We assume strong inner and inter FIG. 1 . Schematic representation of an electron tunneling between two coupled quantum dots ͑CQD's͒, a two-state quantum system ͑qubit͒, using a low-transparency point contact ͑PC͒ or tunnel junction as a detector ͑environment͒ continuously measuring the position of the electron. Here L and R stand for the chemical potentials in the left and right reservoirs, respectively. dot Coulomb repulsion, so only one electron can occupy this CQD system. The logical qubit states in this case are, respectively, the perfect localization of the electron charge states in one of the two CQD's. A controlled-not-gate operation based on the charge qubit of two asymmetric CQD's has been suggested in Ref. 7 . Experimentally, coherent coupling between two CQD's has been reported. It has been shown 11, 12 that if the inter-dot tunneling barrier is low and the strength of the coupling of two CQD's is strong, the two CQD's behave as a large single dot in a Coulomb blockade phenomenon. In addition, the energy splitting between bonding and antibonding states of two CQD's has been confirmed by microwave absorption measurements. 13, 14 The CQD system studied here is similar to the superconducting Cooper-pair-box charge qubit 5, 15, 16 in that they both use charge degrees of freedom as qubit basis states. For the superconducting Cooper-pair box, the charge on the island differs by the number of Cooper pairs times the charge 2e, compared to the electron charge e in one of the two dots in the CQD system. The PC, considered here, is a charge-sensitive detector. The tunneling barrier height or the current through the tunneling junction of the PC detector depends on the proximity of an external charge. Hence the study of charge measurements by a PC detector is applicable to different types of charge qubit, such as the CQD's or the Cooper-pair box. The problem of the CQD system measured by a low-transparency PC has been extensively studied in Refs. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . The case of measurements by a general quantum point contact detector with arbitrary transparency has also been investigated in Refs. 27-32. In addition, a similar system, a Cooper-pair-box qubit, measured by a single electron transistor has been studied in Refs. 33, 22, 20, 23, 25, 34, and 35. Korotkov 19, 21, 25 has obtained the Langevin rate equations for the CQD system measured by an ideal PC detector. These rate equations describe the random evolution of the density matrix that both conditions, and is conditioned by, the PC detector output. Recently, Ref. 26 presented a quantum trajectory [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] measurement analysis of the same system. We found that the conditional dynamics of the CQD system can be described by the stochastic Schrödinger equation for the conditioned state vector, provided that the information carried away from the CQD system by the PC reservoirs can be recovered by the perfect detection of the measurements. We also analyzed the localization rates at which the qubit becomes localized in one of the two states when the coupling frequency ⍀ between the states is zero. We showed that the localization time discussed there is slightly different from the measurement time defined in Refs. 33,22,23. The mixing rate at which the two possible states of the qubit become mixed when ⍀ 0 was calculated as well and found in agreement with the result in Refs. 22 and 23. In this paper, we focus on the qubit dynamics conditioned on a particular realization of the actual measured current through the PC device. Especially, we take into account the effect of inefficient measurement on the conditional dynamics and illustrate the conditional quantum evolutions by numerical simulations.
The problem of a ''nonideal'' detector was discussed in Refs. [19] [20] [21] . There the nonideality of the detector is modeled as two ideal detectors ''in parallel'' with the output of the second detector inaccessible. The information loss is due to the interaction with the second detector, treated as a ''pure environment'' ͑which does not affect the observed detector current͒. As a consequence, the decoherence rate, ⌫ tot , in that case is larger than the decoherence rate for the PC as an environment alone,
Hence an extra decoherence term, Ϫ␥ d ab , for example, is added in the rate equation ab . However, this approach does not account for the inefficiency in the measurements, which arises when the detector sometimes misses detection. In that case, there is still only one PC detector ͑environment͒ and disregarding all measurement records leads to ⌫ tot ϭ⌫ d . Furthermore, the detector current is affected and in fact reduced by the inefficiency in the measurements.
In this paper, we take into account the effect of inefficient measurement of the PC detector on the dynamics of the qubit. We also analyze the conditional qubit dynamics analytically and numerically. The different behavior of unconditional and conditional evolution is demonstrated. We present the conditional quantum dynamics over the full range of behavior, from quantum jumps to quantum diffusion. 26 In Refs. 17, 19, 21, and 25, the two tunneling amplitudes of the CQD-PC model were assumed to be real. In Ref. 26 , the relative phase between them was taken into account. Here, we discuss and illustrate furthermore their influence on the qubit dynamics. In Sec. II, we describe the model Hamiltonian and the unconditional master equation. We then obtain in Sec. III the quantum-jump and quantum-diffusive, conditional master equations for the case of inefficient measurements. Section IV is devoted to the analysis for the qubit dynamics. Numerical simulations of the conditional evolution are presented in this section. Finally, a short conclusion is given in Sec. V. In the Appendix, the stationary noise power spectrum of the current fluctuations through the PC barrier is calculated in terms of the quantum-jump formalism.
II. UNCONDITIONAL MASTER EQUATION FOR THE CQD AND PC MODEL
Following the model of Refs. 17, 19, 21 , and 26, we describe the whole system ͑see Fig. 1͒ by the following Hamiltonian:
H CQD represents the effective tunneling Hamiltonian for the measured CQD system ͑mesoscopic charge qubit͒. The tunneling Hamiltonian for the PC detector is represented by H PC . Here c i (c i † ) and ប i represent the electron annihilation ͑creation͒ operator and energy for a single electron state in each dot, respectively. The coupling between these two dots is given by ប⍀. Similarly, a Lk ,a Rk and ប k L ,ប k R are, respectively, the electron annihilation operators and energies for the left and right reservoir states at wave number k. H coup , Eq. ͑4͒, describes the interaction between the detector and the measured system, depending on which dot is occupied. When the electron in the CQD system is located in dot 1, the effective tunneling amplitude of the PC detector changes from T kq →T kq ϩ kq .
The ͑unconditional͒ zero-temperature, 47 Markovian master equation of the reduced density matrix for the CQD system ͑qubit͒ has been obtained in Refs. 17 and 26:
where n 1 ϭc 1 † c 1 is the occupation number operator for dot 1 and the parameters T and X are given by Dϭ͉T ͉
Here D and DЈ are the average electron tunneling rates through the PC barrier without and with the presence of the electron in dot 1, respectively, eVϭ L Ϫ R is the external bias applied across the PC ( L and R stand for the chemical potentials in the left and right reservoirs, respectively͒, T 00 and 00 are energy-independent tunneling amplitudes near the average chemical potential, and g L and g R are the energy-independent density of states for the left and right reservoirs. In Eq. ͑5a͒, the superoperator 39, 48, 42 D is defined as
where
Finally, Eq. ͑5b͒ defines the Liouvillian operator L. Evaluating the density matrix operator in the logical qubit charge states, ͉a͘ and ͉b͘ ͑i.e., perfect localization state of the charge in dot 1 and dot 2, respectively͒, as in Ref. 17 , we obtain aa ͑ t ͒ϭi⍀͓ ab ͑ t ͒Ϫ ba ͑ t ͔͒, ͑9a͒
where បEϭប( 2 Ϫ 1 ) is the energy mismatch between the two dots, ⌫ d ϭ͉X ͉ 2 /2 is the decoherence rate, and i j (t) ϭ͗i͉(t)͉ j͘. The relative phase between the two complex tunneling amplitudes (T and X ) ͓the last term in Eq. ͑9b͔͒, cause an effective shift in the energy mismatch in the unconditional dynamics. Physically, the presence of the electron in dot 1 ͑state ͉a͘) raises the effective tunneling barrier of the PC due to electrostatic repulsion. As a consequence, the effective tunneling amplitude becomes lower, i.e., DЈ ϭ͉T ϩX ͉ 2 ϽDϭ͉T ͉ 2 . This sets a condition on the relative phase between X and T: cos ϽϪ͉X ͉/(2͉T ͉).
III. CONDITIONAL MASTER EQUATION FOR INEFFICIENT MEASUREMENT
Equation ͑5͒ describes the time evolution of reduced density matrix when all the measurement results are ignored, or averaged over. To make contact with a single realization of the measurement records and study the stochastic evolution of the quantum state, conditioned on a particular measurement realization, the conditional master equation should be employed. The conditional master equations for a perfect detector in the quantum-jump and quantum diffusive cases have been derived in Refs. 25 and 26. In this paper, to take account the effect of the inefficiency in the measurements, which arises when the detector sometimes misses detection, we write first for the quantum-jump case that
Here the subscript c indicates that the quantity to which it is attached is conditioned on previous measurement results, the occurrences ͑detection records͒ of the electrons tunneling through the PC barrier in the past. In Eq. ͑10͒, dN c (t) is a stochastic point process which represents the number ͑either zero or one͒ of tunneling events seen in an infinitesimal time dt, ͗n 1 ͘ c (t)ϭTr͓n 1 c (t)͔, E͓Y ͔ denotes an ensemble average of a classical stochastic process Y, and
is the unnormalized density matrix 26 given the result of an electron tunneling through the PC barrier at the end of the time interval ͓t,tϩdt). The factor р1 represents the fraction of detections which are actually registered by the PC detector. The value ϭ1 then corresponds to a perfect detector or efficient measurement. By using the fact that current through the PC is i(t)ϭe dN(t)/dt, Eq. ͑10b͒ with ϭ1 states that the average current is eD when dot 1 is empty, and is eDЈ when dot 1 is occupied. In Ref. 25 the case of inefficient measurements is discussed in terms of insufficiently small readout period. In other words, the bandwidth of the measurement device is not large enough to resolve and record every electron tunneling through the PC barrier.
By following the similar derivation as in Ref. 26 , the stochastic quantum-jump master equation of the density matrix operator, conditioned on the observed event in the case of inefficient measurement in time dt can be obtained:
͑13͒
In the quantum-jump case, in which individual electron tunneling current events can be distinguished, the qubit state ͓see Eq. ͑12͔͒ undergoes a finite evolution ͑a quantum jump͒ when there is a detection result ͓dN c (t)ϭ1͔ at randomly determined times ͑conditionally Poisson distributed͒. The extension to the case of quantum diffusion can be carried out similarly as in Ref. 26 . In this case, the electron counts or accumulated electron number in time ␦t is considered as a continuous diffusive variable satisfying a Gaussian white noise distribution 26, 48 ␦N͑t͒ϭ͕͉T
where ⑀ϭ(͉X ͉/͉T ͉)Ӷ1, is the relative phase between X and T, and (t) is a Gaussian white noise characterized by
Here E denotes an ensemble average. In obtaining Eq. ͑14͒, we have assumed that 2͉T ͉͉X ͉cos ӷ͉X ͉ 2 . Hence, for the quantum-diffusive equations obtained later, we should regard, to the order of magnitude, that ͉cos ͉ϳO(1)ӷ⑀ ϭ(͉X ͉/͉T ͉) and ͉sin ͉ϳO(⑀)Ӷ1. The quantum-diffusive conditional master equation for the case of inefficient measurements can be found as
͑16͒
In arriving at Eq. ͑16͒, we have used the stochastic Itô calculus 49, 50 for the definition of derivative as (t) ϭlim dt→0 ͓(tϩdt)Ϫ(t)͔/dt. The conditional equations ͑12͒ and ͑16͒, under similar assumptions and approximations as in Ref. 26 but taking into account the effect of inefficient measurement, are the main results in this paper. We will analyze the qubit dynamics in detail in Sec. IV using these equations in terms of Bloch sphere variables ͓see Eqs. ͑20͒ and ͑21͔͒. In particular, the effect of inefficient measurements will be discussed in Sec. IV D. It is easy to see that the ensemble average evolution of Eq. ͑16͒ reproduces the unconditional master equation ͑5a͒ by simply eliminating the white noise term using Eq. ͑15͒. Similarly, averaging Eq. ͑12͒ over the observed stochastic process, by setting E͓dN c (t)͔ equal to its expected value Eq. ͑10b͒, gives the unconditional, deterministic master equation ͑5a͒. It is also easy to verify that for zero efficiency ϭ0 ͓i.e., also dN c (t)ϭ0͔, the conditional equations ͑12͒ and ͑16͒, reduce to the unconditional one ͑5a͒. That is, the effect of averaging over all possible measurement records is equivalent to the effect of completely ignoring the detection records or the effect of no detection results being available.
To make the quantum-diffusive, conditional stochastic master equation ͑16͒ more transparent, we evaluate Eq. ͑16͒ in the charge state basis as for Eq. ͑9͒ and obtain
where we have set ͉X ͉ϭͱ2⌫ d . Again, either by taking ensemble average or for zero efficiency ϭ0, Eq. ͑17͒ reduces to Eq. ͑9͒.
IV. CONDITIONAL DYNAMICS UNDER CONTINUOUS MEASUREMENTS
As in Ref. 26 , we represent the qubit density matrix elements in terms of Bloch sphere variables in the charge state basis as
where i satisfies the properties of Pauli matrices. In this representation, the variable z(t) represents the population difference between the two dots. Especially, z(t)ϭ1 and z(t)ϭϪ1 indicate that the electron is localized in dot 2 and dot 1, respectively. The value z(t)ϭ0 corresponds to an equal probability for the electron to be in each dot. Generally the product of the off-diagonal elements of (t) is smaller than the product of the diagonal elements, leading to the relation x 2 (t)ϩy 2 (t)ϩz 2 (t)р1. When (t) is represented by a pure state, the equal sign holds. In this case, the system state can be characterized by a point (x,y,z) on the Bloch unit sphere.
The master equations written as a set of coupled stochastic differential equations in terms of the Bloch sphere variables in Ref. 26 are under the assumptions of real tunneling amplitudes and perfect ͑efficient͒ measurements. Here we include the effect of inefficient measurement and the influence of the relative phase between the two tunneling amplitudes into the coupled equations. The unconditional master equation ͑5a͒ is equivalent to the following equations:
We find that the quantum-diffusive, conditional master equation ͑16͒ can be written as
For the quantum-jump, conditional master equation ͑12͒, we obtain
As expected, Eq. ͑20͒ averaged over the white noise reduces to Eq. ͑19͒, provided that E͓x c (t)͔ϭx(t) as well as similar replacements are performed for y c (t) and z c (t). Similarly, by using Eq. ͑10b͒, the ensemble average of Eq. ͑21͒ reduces to the unconditional equation ͑19͒. One can also observe that for zero efficiency ϭ0, the conditional equations ͑21͒ and ͑20͒, reduce to the unconditional equation ͑19͒ as well. Next we analyze the qubit dynamics in detail and present the numerical simulations for the time evolution using Eqs. ͑20͒ and ͑21͒. Part of the results in Sec. IV A have been reported in Ref. 51 . Figure 2͑a͒ shows the unconditional ͑ensemble average͒ time evolution of the population difference z(t) with the initial qubit state being in state ͉a͘, i.e., dot 1 is occupied. The unconditional population difference z(t), rises from Ϫ1, undergoing some oscillations, and then tends towards zero, a steady ͑maximally mixed͒ state. On the other hand, the conditional time evolution, conditioned on one possible individual realization of the sequence of measurement results, behaves quite differently. We consider first the situation, where DЈϭ͉TϩX ͉ 2 ϭ0, discussed in Ref. 18 . In this case, due to the electrostatic repulsion generated by the electron, the PC is blocked ͑no electron is transmitted͒ when dot 1 is occupied. As a consequence, whenever there is a detection of an electron tunneling through the PC barrier, the qubit state is collapsed into state ͉b͘, i.e., dot 2 is occupied. The quantum-jump conditional evolution shown in Fig. 2͑b͒ ͓us-ing the same parameters and initial condition as in Fig. 2͑a͔͒ is rather obviously different from the unconditional one in Fig. 2͑a͒ . The conditional time evolution is not smooth, but exhibits jumps, and it does not tend towards a steady state. One can see that initially the system starts to undergo an oscillation. As the population difference z c (t) changes in time, the probability for an electron tunneling through the PC barrier increases. This oscillation is then interrupted by the detection of an electron tunneling through the PC barrier, which bring z c (t) to the value 1, i.e., the qubit state is collapsed into state ͉b͘. Then the whole process starts again. The randomly distributed moments of detections, dN c (t), corresponding to the quantum jumps in Fig. 2͑b͒ is illustrated in Fig. 2͑c͒ . Although little similarity can be observed between the time evolution in Figs. 2͑a͒ and 2͑b͒ , averaging over many individual realizations shown in Fig. 2͑b͒ leads to a closer and closer approximation of the ensemble average in Fig. 2͑a͒ .
A. From quantum jumps to quantum diffusion
Next we illustrate how the transition from the quantumjump picture to the quantum-diffusive picture takes place. In Ref. 26 and Sec. III, we have seen that the quantum-diffusive equations can be obtained from the quantum-jump description under the assumption of ͉T ͉ӷ͉X ͉. In Figs. 3͑a͒-3͑d͒ we plot conditional, quantum-jump evolution of z c (t) and the corresponding moments of detections dN c (t), with different (͉T ͉/͉X ͉) ratios. Each jump ͑discontinuity͒ in the z c (t) curves corresponds to the detection of an electron through the PC barrier. One can clearly observes that with increasing (͉T ͉/͉X ͉) ratio, the number of jumps increases. The amplitudes of the jumps of z c (t), however, decreases from DЈϭ0 with the certainty of the qubit being in state ͉b͘ to the case of (DϪDЈ)Ӷ(DϩDЈ) with a smaller probability of finding the qubit in state ͉b͘. Nevertheless, the population difference z c (t) always jumps up since Dϭ͉T ͉ 2 ϾDЈ ϭ͉T ϩX ͉ 2 . In other words, whenever there is a detection of an electron passing through PC, dot 2 is more likely occu- . ͑a͒ Unconditional, ensemble-averaged time evolution of z(t), which exhibits some oscillation and then approaches a zero steady state value. ͑b͒ Conditional evolution of z c (t). The qubit starts an oscillation, which is then interrupted by a quantum jump ͓corresponding to a detection of an electron passing through the PC barrier in ͑c͔͒. After the jump, the qubit state is reset to ͉b͘ and a new oscillation starts. ͑c͒ Randomly distributed moments of detections, which correspond to the quantum jumps in ͑b͒.
FIG. 3. Transition from quantum jumps to quantum diffusion.
The initial qubit state is ͉a͘. The parameters are ϭ1, Eϭ0, ϭ, ͉X ͉ 2 ϭ⍀, and time is in units of ⍀ Ϫ1 . ͑a͒-͑d͒ are the quantumjump, conditional evolutions of z c (t), and corresponding detection moments with different ͉T ͉/͉X ͉ ratios: ͑a͒ 1, ͑b͒ 2, ͑c͒ 3, ͑d͒ 5. With increasing ͉T ͉/͉X ͉ ratio, jumps become more frequent but smaller in amplitude. ͑e͒ Represents the conditional evolutions of z c (t) in the quantum diffusive limit. The variable (t), appearing in the expression of current through PC in quantum-diffusive limit, is a Gaussian white noise with zero mean and unit variance. pied than dot 1. The case for quantum diffusion using Eq. ͑20͒ is plotted in Fig. 3͑e͒ . In this case, very small jumps occur very frequently. We can see that the behavior of z c (t) for ͉T ͉ϭ5͉X ͉ in the quantum-jump case shown in Fig. 3͑d͒ is already very close to that of quantum diffusion shown in Fig. 3͑e͒ . To minimize the number of controllable variables, the same randomness is applied to produce the quantumjump, conditional evolutions in Figs. 3͑a͒-3͑d͒ . This, however, does not mean that they would have had the same detection output, dN c (t). The number of tunneling events in time dt, dN c (t), does not depend on the randomness alone. It also depends on ͉T ͉, ͉X ͉, and , and has to satisfy Eq. ͑10b͒ in a self-consistent manner. In fact, it both conditions and is conditioned by the conditional qubit density matrix. Note that the unconditional evolution does not depend on the parameter ͉T ͉ when ϭ ͓see Eq. ͑19͔͒. This implies that depending on the actual measured detection events, different measurement schemes ͑measurement devices with different tunneling barriers or different values of ͉T ͉ when ϭ) give different conditional quantum evolutions. But they would have the same ensemble average property if other parameters and the initial condition are the same. Hence, averaging over all possible realizations, for each measurement scheme in Fig. 3 , will lead to the same ensemble average behavior shown in Fig. 2͑a͒. 
B. Quantum Zeno effect
The quantum Zeno effect can be naturally described by the conditional dynamics. The case for quantum diffusion has been discussed in Refs. 19 and 21. Here, for completeness, we discuss the quantum-jump case. The quantum Zeno effect states that repeated observations of the system slow down transitions between quantum states due to the collapse of the wave function into the observed state. Alternatively, the interaction with one measurement apparatus destroys the quantum coherence ͑oscillations͒ between ͉a͘ and ͉b͘ at a rate that is much faster than the tunneling rate ⍀. For fixed ⍀, ͉T ͉, and , by increasing the interaction with the PC detector ͉X ͉ϭͱ2⌫ d , we increase the number and amplitude of jumps and hence the probability of the wave function being collapsed to the localized state. The time evolutions of the population difference z c (t) for different ratios of (⌫ d /⍀) are shown in Fig. 4 . Here, the initial qubit state is ͉a͘, and other parameters are ϭ1,Eϭ0,ϭ,͉T ͉ 2 ϭ10⍀. We can observe that the period of coherent oscillations between the two qubit states increases with increasing (⌫ d /⍀), while the time of a transition ͑switching time͒ decreases. In the limit of vanishing ⍀, a transition from one qubit state to the other state takes a time ͑switching time͒ of order of localization time, 26 1/␥ loc
In the parameter regime of Fig. 4͑c͒ (⌫ d /⍀ϭ8 ), this time is still much smaller than the average time between state-changing transitions ͑period of oscillations͒ due to ⍀, i.e., the mixing time, 26 1/␥ mix ϭ⌫ d /(4⍀ 2 ). Hence, we can already see from Fig. 4͑c͒ for ⌫ d /⍀ϭ8 that very frequent repeated measurements would tend to localize the system.
The ensemble average behavior of z(t) is also shown in dashed line in Fig. 4 . If Eϭ0 and initially the electron is in dot 1, from the solution of Eq. ͑9͒, the probability aa (t) ϭ͓1Ϫz(t)͔/2 can be written as
In the Appendix, the stationary noise power spectrum of the current fluctuations through the PC barrier is calculated for the case of Eϭ0 and the result can be written as:
.
͑23͒
where S 0 ϭ2ei ϱ ϭe 2 (DЈϩD) represents the shot noise, i ϱ ϭe(DЈϩD)/2 is the steady-state current and ⌬iϭe(D ϪDЈ) represents the difference between the two average currents. For ⌫ d Ͻ4⍀, aa (t) shows the damped oscillatory behavior in the immediate time regime ͓see dashed line in Figs. 4͑a͒ and 4͑b͔͒. In this case, the spectrum has a double peak structure, indicating that coherent tunneling is taking place between the two qubit states. This is illustrated in Figs. 5͑a͒ and 5͑b͒. When ⌫ d у4⍀, aa (t) does not oscillate but decays in time purely exponentially, saturating at the probability 1/2 ͓see dashed line in Fig. 4͑c͔͒ . This corresponds to a classical, incoherent behavior. In this case, only a single peak, centering at ϭ0, appears in the noise spectrum, as illustrated in Fig. 5͑c͒ . The evolution of z c (t) in Fig. 4͑c͒ , is one of the possible conditional evolutions in this parameter regime (⌫ d /⍀ϭ8). In this parameter regime ⌫ d у4⍀, the conditional evolution z c (t) behaves very close to a probabilistic jumping or random telegraph process. After ensemble averaging over all possible realizations of such conditional evolutions, one would then obtain the classical, incoherent behavior.
C. Relative phase of the tunneling amplitudes
The relative phase between the two complex tunneling amplitudes produces effects on both conditional and unconditional dynamics of the qubit. In the following, we consider the case that ϭ1 and Eϭ0. From Eq. ͑21͒, after each jump the imaginary part of the product (T *X) seems to cause an additional rotation around the z axis in the Bloch sphere, but does not directly change the population probability z c (t) of the qubit. However, the actual conditional evolution of the Bloch sphere variables is complicated. It is stochastic and nonlinear, and depends on the relative phase of the tunneling amplitudes in a nontrivial way. Nevertheless, after ensemble average, the imaginary part of (T *X) generates an effective shift in the energy mismatch of the qubit states ͓see Eq. ͑9͔͒.
There are situations in which the effect of the relative phase of the tunneling amplitudes can be easily seen. For ϭ1 and Eϭ0, if the tunneling amplitudes are real, i.e., ϭ, and the initial condition x c (0)ϭ0, then the time evolution of x c (t), from Eq. ͑21͒, does not change and remains at the value 0 at all times. But if or sin 0, the conditional evolution of x c (t) behaves rather differently. It changes after the first detection ͑quantum jump͒ takes place. Figure 6 shows the evolutions of the Bloch variables x c (t),y c (t),z c (t) with the same initial condition ͑the qubit being in ͉a͘) and parameters but different relative phases: ϭ for ͑a͒-͑c͒ and ϭcos Ϫ1 (͉X ͉/͉T ͉) for ͑d͒-͑f͒. We can clearly see quite different behaviors of x c (t) in these two cases. The asymmetry of the electron population in z c (t), due to effectively generated energy mismatch in the second case in Fig. 6͑f͒ , can be roughly observed. The effect of the relative phase is small in the case of quantum diffusion. As noted in Sec. III, in order for the quantum-diffusive equations to be valid, we should regard, to the order of magnitude, that ͉cos ͉ϳO(1) and ͉sin ͉ϳO(⑀). This implies that in this case Ϸ. Hence the effect of the relative phase is small and the conditional dynamics does not deviate much from the case that the tunneling amplitudes are assumed to be real. Fig. 4 . For small (⌫ d /⍀) ratio, two sharp peaks appear in the noise power spectrum, as shown in ͑a͒. In ͑b͒, a double peak structure is still visible, indicating that coherent tunneling between the two qubit states still exists. In the classical, incoherent regime ⌫ d у4⍀, only one single peak appears, as shown in ͑c͒.
D. Inefficient measurement and non-ideality
We have shown 26 that for ϭ1, the conditional time evolution of the qubit can be described by a ket state vector satisfying the stochastic Schrödinger equation. It is then obvious that perfect detection or efficient measurement preserves state purity for a pure initial state. However, the inefficiency and nonideality of the detector spoils this picture. The decrease in our knowledge of the qubit state leads to partial decoherence for the qubit state. We next find the partial decoherece rate introduced in this way.
The stochastic differential equations in the form of Itô calculus 49, 50 have the advantage that it is easy to see that the ensemble average of the conditional equations over the random process (t) leads to the unconditional equations. However, it is not a natural physical choice. For example, for ϭ1, the term Ϫ⌫ d ab (t) in Eq. ͑17b͒ does not really cause decoherence of the conditional qubit density matrix. It simply compensates the noise term due to the definition of derivative in Itô calculus. Hence, in this case the conditional evolution of ab (t) does not really decrease in time exponentially. To find the partial decoherence rate generated by inefficiency Ͻ1, we transform Eq. ͑17b͒ into the form of Stratonovich calculus. 49, 50 We then obtain for ϭ:
where i(t)Ϫi 0 ϭe͉T ͉͕ͱ2⌫ d ͓1Ϫ2 aa (t)͔ϩͱ(t)͖. Here we have used the following relations: the conditional current i(t)ϭe␦N(t)/␦t with ␦N(t) given by Eq. ͑14͒ and the average current i 0 ϭe(DϩDЈ)/2, where Dϭ͉T ͉ 2 and DЈ ϭ͉T ͉ 2 Ϫ2͉T ͉͉X ͉ in the quantum-diffusive limit. In this form, Eq. ͑24͒ elegantly shows how the qubit density matrix is conditioned on the measured current. We find that the last term in Eq. ͑24͒ is responsible for decoherence. In other words, the partial decoherence rate for an individual realization of inefficient measurements is (1Ϫ)⌫ d . For a perfect detector ϭ1, this decoherence rate vanishes and the conditional ab (t), as expected, does not decay exponentially in time. Similar conclusion could be drawn from Eq. ͑21͒ for the quantum-jump case. For ϭ, the off-diagonal variables x c (t) and y c (t) seem to decrease in time with the rate (1
In Bloch sphere variable representation, we can use the quantity P c (t)ϭx c 2 (t)ϩy c 2 (t)ϩz c 2 (t) as a measure of the purity of the qubit state, or equivalently as a measure of how much information the conditional measurement record gives about the qubit state. If the conditional state of the qubit is a pure state then P c (t)ϭ1; if it is a maximally incoherent mixed state then P c (t)ϭ0. We plot in Fig. 7 the quantumjump, conditional evolution of the purity P c (t) for different inefficiencies, ϭ1,0.6,0.2 ͑in solid line͒, and 0 ͑in dotted line͒. Figure 7͑a͒ is for an initial qubit state being in a pure state ͉a͘, while Fig. 7͑b͒ is for a maximally mixed initial state. We can see from Fig. 7͑a͒ that the purity P c (t)ϭ1 at all times for ϭ1, while it hardly or not at all reaches 1 for almost all time for Ͻ1. This means that partial information about the changes of the qubit state is lost irretrievably in inefficient measurements. In addition, roughly speaking, the overall behavior of P c (t) decreases with decreasing . This indicates that after being averaged over a long period of time, ͗P c (t)͘ t would also decrease with decreasing . For   FIG. 6 . Effect of relative phase on the qubit dynamics. The conditional evolutions of x c (t), y c (t), and z c (t) with the same initial condition ͑the qubit being in ͉a͘) and parameters (ϭ1, Eϭ0, ϭ, ͉T ͉ 2 ϭ4͉X ͉ 2 ϭ4⍀), but different relative phases are shown: ͑a͒-͑c͒ for ϭ and ͑d͒-͑f͒ for ϭcos Ϫ1 (͉X ͉/͉T ͉). The relative phase causes quite different evolutions for x c (t).
ϭ0, the evolution of P(t) becomes smooth and tends toward the value zero ͑the maximally mixed steady state͒. For a nonpure initial state ͓see Fig. 7͑b͔͒ , the qubit state is eventually collapsed towards a pure state and then remains in a pure state for ϭ1. But the complete purification of the qubit state cannot be achieved for Ͻ1. As in Figs. 3͑a͒-3͑d͒ , the same randomness has been applied to generate the quantumjump, conditional evolution in Figs. 7͑a͒ and 7͑b͒. Note that the only difference between evolution in Fig. 7͑a͒ and the corresponding one in Fig. 7͑b͒ is the different initial states. So when the qubit density matrix in Fig. 7͑b͒ gradually evolves into the same state as in Fig. 7͑a͒ , the corresponding P c (t) in Fig. 7͑b͒ would then follow the same evolution as in Fig. 7͑a͒ . This behavior can be observed in Fig. 7 . The purity-preserving conditional evolution for a pure initial state, and gradual purification for a nonpure initial state for an ideal detector have been discussed in Refs. 19-21,24 in the quantum-diffusive limit.
The nonideality of the PC detector is modeled in Refs. 19-21,24 by another ideal detector ''in parallel'' to the original one but with inaccessible output. We can add, as in Refs. [19] [20] [21] 24 , an extra term, Ϫ␥ d ab (t), to Eq. ͑24͒ to account for the ''nonideality'' of the detector. The ideal factor introduced there [19] [20] [21] 24 can be modified to take account of inefficient measurement discussed here. We find
in terms of insufficiently small readout period. As a result, the information about the tunneling times of the electrons passing through the PC barrier is partially lost.
V. CONCLUSION
We have obtained the quantum-jump and quantumdiffusive, conditional master equations, taking into account the effect of inefficient measurements р1 under the weak system-environment coupling and Markovian approximations. These conditional master equations describe the random evolution of the measured qubit density matrix, which both conditions and is conditioned on, a particular realization of the measured current. If and only if detections are perfect ͑efficient measurement͒, i.e., ϭ1, are the stochastic master equations for the conditioned density matrix operators ͑12͒ and ͑16͒, equivalent to the stochastic Schrödinger equations ͓Eqs. ͑35͒ and ͑41͒ of Ref. 26 , respectively͔ for the conditioned states. If the detection is not perfect and some information about the system is unrecoverable, the evolution of the system can no longer be described by a pure state vector. For the extreme case of zero efficiency detection, the information ͑measurement results at the detector͒ carried away from the system to the reservoirs is ͑are͒ completely ignored, so that the stochastic master equations ͑12͒ and ͑16͒ after being averaged over all possible measurement records reduces to the unconditional, deterministic master equation ͑5a͒, leading to decoherence for the system.
We have used the derived conditional equations to analyze the conditional qubit dynamics in detail and illustrate the conditional evolution by numerical simulations. Specifically, the conditional qubit dynamics evolving from quantum jumps to quantum diffusion has been presented. Furthermore, we have described the quantum Zeno effect in terms of the quantum-jump conditional dynamics. We have calculated the stationary noise power spectrum of the current fluctuations through the PC barrier in terms of the quantum-jump formalism. We have also discussed the effect of inefficient FIG. 7 . Effect of inefficiency on the state purity. The quantumjump, conditional evolution of the purity P c (t) for different inefficiencies, ϭ1,0.6,0.2 ͑in solid line͒, and 0 ͑in dotted line͒ are plotted in ͑a͒ for an initial qubit state being in a pure state ͉a͘, ͑b͒ for a maximally mixed initial state. The other parameters are E ϭ0, ϭ, ͉T ͉ 2 ϭ4͉X ͉ 2 ϭ4⍀. The purity-preserving conditional evolution for a pure initial state, and gradual purification for a nonpure initial state for ϭ1 are illustrated. However, the complete purification of the qubit state cannot be achieved for Ͻ1. measurement and the influence of relative phase between the two tunneling amplitudes on the qubit dynamics. 
APPENDIX: CALCULATION OF THE NOISE POWER SPECTRUM OF THE CURRENT FLUCTUATIONS
In this Appendix, we calculate the stationary noise power spectrum of the current fluctuations through the PC when there is the possibility of coherent tunneling between the two qubit states. Usually one can calculate this noise power spectrum using the unconditional, deterministic master equation approach, which gives only the average characteristics. We, however, calculate it through the stochastic formalism presented here. The fluctuations in the observed current, i(t), are quantified by the two-time correlation function:
G͑ ͒ϭE͓i͑ tϩ ͒i͑ t ͔͒ϪE͓i͑ tϩ ͔͒E͓i͑ t ͔͒. ͑A1͒
The noise power spectrum of the current is then given by
The ensemble expectation values of the two-time correlation function for the current in the case of quantum diffusion has been calculated in Ref. 21 . Here we will present the quantum-jump case. 2 , and we have represented ⌬iϭe(DϪDЈ) as the difference between the two average currents. After Fourier transform following from Eq. ͑A2͒, the power spectrum of the noise is then obtained as the expression of Eq. ͑23͒. Note that from Eq. ͑23͒, the noise spectrum at ϭ2⍀ for ϭ, i.e., real tunneling amplitudes, can be written as
